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ABSTRACT
Context. During their evolution massive stars can reach the phase of critical rotation when a further increase in rotational speed is
no longer possible. Direct centrifugal ejection from a critically or near-critically rotating surface forms a gaseous equatorial decretion
disk. Anomalous viscosity provides the efficient mechanism for transporting the angular momentum outwards. The outer part of the
disk can extend up to a very large distance from the parent star.
Aims. We study the evolution of density, radial and azimuthal velocity, and angular momentum loss rate of equatorial decretion disks
out to very distant regions. We investigate how the physical characteristics of the disk depend on the distribution of temperature and
viscosity.
Methods. We calculated stationary models using the Newton-Raphson method. For time-dependent hydrodynamic modeling we
developed the numerical code based on an explicit finite difference scheme on an Eulerian grid including full Navier-Stokes shear
viscosity.
Results. The sonic point distance and the maximum angular momentum loss rate strongly depend on the temperature profile and
are almost independent of viscosity. The rotational velocity at large radii rapidly drops accordingly to temperature and viscosity
distribution. The total amount of disk mass and the disk angular momentum increase with decreasing temperature and viscosity.
Conclusions. The time-dependent one-dimensional models basically confirm the results obtained in the stationary models as well
as the assumptions of the analytical approximations. Including full Navier-Stokes viscosity we systematically avoid the rotational
velocity sign change at large radii. The unphysical drop of the rotational velocity and angular momentum loss at large radii (present
in some models) can be avoided in the models with decreasing temperature and viscosity.
Key words. stars: mass-loss – stars: evolution – stars: rotation – hydrodynamics
1. Introduction
The outflowing disks may be formed around various types
of stars, such as Be stars, B[e] stars, and possibly lu-
minous blue variables (e.g., Smith & Townsend 2007) and
asymptotic giant branch stars (see, e.g., Matt et al. 2000;
de Ruyter et al. 2006). Observational evidence supports the idea
that these disks are Keplerian (rotationally supported) gaseous
disks (Carciofi & Bjorkman 2008). The solutions for time-
independent viscous decretion disk structures where one as-
sumes the disk to be isothermal and in vertical hydrostatic equi-
librium (e.g., Okazaki 2001; Carciofi & Bjorkman 2008) show
that, because of highly supersonic rotational velocity, the disks
are geometrically very thin, and the disk opening angle is only
a few degrees in the region close to the star. These studies natu-
rally support the idea of the viscous decretion disk model lead-
ing to the formation of near-Keplerian disks around critically
rotating stars. However, since the specific angular momentum
in the near-Keplerian disk increases with the radius, decretion
disks are unlikely near-Keplerian far from the star. A natural ex-
pectation is that a disk which is Keplerian near a star becomes
angular-momentum conserving far from the star, although this
transitional feature of decretion disks is not very well understood
theoretically nor has it been observationally confirmed. Most of
the models analyze the inner parts of the disk, whereas the evolu-
tion close to the sonic point or even in the supersonic regions up
to the possible outer disk edge has not been, to our knowledge,
very well studied.
In this paper we study the characteristics of the outflowing
disks of critically rotating stars. The mass loss rate is deter-
mined by the angular momentum loss rate needed to keep the star
at critical rotation (Krticˇka et al. 2011, see also Kurfu¨rst 2012,
Kurfu¨rst & Krticˇka 2012). The basic scenario follows the model
of the viscous decretion disk proposed by Lee et al. (1991, see
also Okazaki 2001). In this model Lee et al. (1991) obtained a
steady structure of viscous decretion disks around Be stars in
thermal and radiative equilibrium. As the physics of accretion
disks is quite similar, we follow the main principles (Pringle
1981; Frank et al. 1992) used in accretion disk theory for the de-
scription of decretion disks. The main uncertainties are the vis-
cous coupling and the temperature distribution. Although some
recent models indicate a constant value of the viscosity through-
out such disks (Penna et al. 2012), we investigate the cases when
the viscous coupling varies outward as a certain power law. The
disk temperature is mainly affected by the irradiation from the
central star (Lee et al. 1991). Motivated by the non-local thermo-
dynamic equilibrium (NLTE) simulations (Carciofi & Bjorkman
2008) we extrapolate the temperature distribution up to quite dis-
tant regions as a power law.
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2. Basic equations and parameterization
The disk is described in a cylindrical coordinate system as-
suming axial symmetry (e.g., Lee et al. 1991; Okazaki 2001;
Krticˇka et al. 2011). The mass conservation (continuity) equa-
tion in the geometrically thin case is (we denote the cylindrical
radius as R, the spherical radius as r)
R
∂Σ
∂t
+
∂
∂R
(RΣVR) = 0, (1)
where Σ is the surface density defined as
Σ =
∫ ∞
−∞
ρ dz, (2)
ρ is the density, and VR is the radial component of velocity. The
equation of radial momentum conservation in the thin disk ap-
proximation is
∂VR
∂t
+ VR
∂VR
∂R
=
V2φ
R
− GM
R2
− 1
Σ
∂(a2Σ)
∂R
+
3
2
a2
R
, (3)
where Vφ is the azimuthal component of velocity, a is the speed
of sound, a2 = kT/(µmu), µ is the mean molecular weight
(µ = 0.62 for the ionized hydrogen gas), mu is the atomic mass
unit, and M is stellar mass. The last term on the right-hand side
comes from the description of the gravitational force in a cylin-
drical coordinate system in the thin disk approximation, i.e., the
disk thickness is negligible with respect to radial distance of
any point studied (Matsumoto et al. 1984; Krticˇka et al. 2011;
Kurfu¨rst & Krticˇka 2012). From the conservation of azimuthal
component of momentum we have
∂Vφ
∂t
+ VR
∂Vφ
∂R
+
VRVφ
R
= fvisc, (4)
where fvisc means the viscous force per unit volume, exerted by
the outer disk segment on the inner disk segment. In the axisym-
metric (∂/∂φ = 0) and geometrically thin case the viscous force
density is fvisc = ∂TRφ/∂R + 2TRφ/R (e.g., Mihalas & Mihalas
1984), where TRφ denotes the R-φ component of the stress ten-
sor. Viscous force density fvisc is usually represented by using
the first order linear viscosity term (see Eq. (8)) with the adopted
Shakura-Sunyaev α parameter (Shakura & Sunyaev 1973). We
also examine the cases with non-constant α parameters. Taking
into account the turbulent motion of the gas, we can write for the
kinematic viscosity ν (Frank et al. 1992)
ν = α
a2R
Vφ
≈ αaH, (5)
with H denoting the typical vertical scaleheight of the disk, H2 =
a2R3/(GM) in Keplerian case.
The NLTE simulations (e.g., Carciofi & Bjorkman 2008)
show that the radial temperature distribution in the very inner
regions (up to few stellar radii) corresponds to a flat blackbody
reprocessing disk due to the optically thick nature of this inner
part, (T0 ≈ 12 Teff, T (r) ∝ R−0.75), where T0 is the disk temper-
ature at R = Req. As the disk becomes vertically optically thin,
the disk temperature rises to the optically thin radiative equi-
librium temperature with the average of about 60% of Teff. The
temperature radial profile at larger radii is nearly isothermal with
relatively mild temperature decrease (about 1000 K from 10 to
50 stellar radii). Millar & Marlborough (1998, 1999) also found
the radial temperature distribution up to 100 stellar radii to be
nearly isothermal. We approximate these dependencies by a ra-
dial power law
T = T0(Req/R)p, (6)
where p is a free parameter (0 ≤ p < 0.5). Using the same power
law temperature decline we also extrapolate the radial tempera-
ture structure of the outer part of the disk.
The viscosity also influences the temperature, but the contri-
bution of the viscous heating in the disk is very small (practically
negligible) compared with the heating that comes from radia-
tive flux from the star (e.g., Smak 1989; Carciofi & Bjorkman
2008). The viscous heating dominates in the inner disk regions
(Lee et al. 1991) only in the case of enormous value of mass loss
rate ( ˙M ≥ 10−5 M⊙yr−1). This is the reason why the viscosity is
parameterized via temperature independent α parameter.
The radial profile of α is not quite certain. The common
agreement is that the value of the α parameter of turbulent vis-
cosity is less than 1, since for α > 1 the rapid thermalization due
to shocks would lead again to α ≤ 1 (Shakura & Sunyaev 1973).
Most authors use the value around 0.1; some of the most recent
works focused on the disk viscosity problem (e.g., Penna et al.
2012) find the α viscosity coefficient as constant, α ≈ 0.025.
However, here we regard it as an open question if the α should
be considered as constant throughout the disk or not. Therefore,
we introduce
α = α0(Req/R)n, (7)
where α0 is the viscosity of the inner region of the disk near
the stellar surface, n is a free parameter of the radial viscosity
dependence, n > 0. The kinematic viscosity ν(R) is related to
temperature via Eq. (5).
The first order linear viscosity term in Eq. (4) gives
f (1)
visc = −
1
R2Σ
∂
∂R
(αa2R2Σ), (8)
while including the full viscosity term we obtain the right-hand
side of Eq. (4) in the form
f (2)
visc =
1
R2Σ
∂
∂R
(
αa2R3Σ
∂ ln Vφ
∂R
− αa2R2Σ
)
. (9)
The same expression is obtained by employing the angular mo-
mentum equation (Pringle 1981; Frank et al. 1992)
∂
∂t
(
ΣR2Ω
)
+
1
R
∂
∂R
(
ΣVRR3Ω
)
=
1
2πR
∂G
∂R
(10)
(used in numerical scheme; see Sect. 4.2), whereΩ is the angular
velocity (Ω = Vφ/R) and G is the viscous torque acting between
two neighboring disk segments,
G = 2παa2ΣR3 ∂ lnΩ
∂R
. (11)
Most authors use the concept of some outer disk radius
Rout, where, because of the radiation pressure for example, the
disk matter may be completely driven outward (Lee et al. 1991).
Using the reasonable parameterization of T and α, we are not de-
pendent on the choice of Rout and can calculate the radial profiles
of the characteristics as a direct solution of the hydrodynamic
equations.
2
P. Kurfu¨rst et al.: Modelling of extended thin decretion disks of critically rotating stars
3. Analytical estimates of the radial thin disk
structure
To obtain a general idea about the behavior of the main char-
acteristics of the system we consider the stationary form of
the basic hydrodynamic equations (Okazaki 2001; Krticˇka et al.
2011). Integrating Eq. (4) (using the term f (2)
visc from Eq. (9))
and dividing this by the stationary mass conservation equation
(RΣVR = const.) we derive for α = const.
RVφ +
αa2R
VR
(
1 − R∂ ln Vφ
∂R
)
= const. (12)
Inclusion of only the first order linear viscosity term (see Eq. (8))
gives a similar relation without the second term in the bracket.
In the innermost part of the disk, VR ≪ a. Consequently, the
second term on the left-hand side of Eq. (12) dominates, there-
fore VR ∼ R and Σ ∼ R−2 from the continuity equation (Okazaki
2001). In the inner region of the disk the radial pressure gradi-
ent is negligible compared with the gravitational force, hence
from the momentum equation (3) Keplerian rotation follows,
Vφ ∼ R−1/2. Since ˙M = const. (see Eq. (1)), we have in this
region ˙J( ˙M) ∼ RVφ ∼ R1/2. Eq. (12) becomes
RVφ + γ
αa2R
VR
= const., (13)
where for Keplerian rotational velocity the numerical factor
γ = 3/2. Obviously, the second order linear viscosity term in
the Keplerian case represents one half of the corresponding first
order linear term assuming the same α parameter, and there-
fore cannot be neglected. In the distant region near the sonic
point (VR ≈ a) the radial velocity increases; therefore, the first
term on the left-hand side of Eq. (12) fully dominates, hence
RVφ = const. and the disk is angular momentum conserving.
In very distant supersonic regions with nearly flat disk tem-
perature distributions (VR ≫ a, VR ≫ Vφ, ∂a2/∂R ≈ 0) and
negligible gravity the radial momentum equation (3) with use
of mass conservation equation (1) implies logarithmic radial de-
pendence, V2R ∼ ln R. The second term on the left-hand side of
Eq. (13) rises, consequently the azimuthal velocity has to sub-
stantially decrease and may in general become even negative.
This is, however, not possible according to the logarithmic term
in Eq. (12). The numerical simulations (see Figs. 5-7) prove that
the azimuthal velocity even in extremely distant regions does
not change its direction. Equation (13) indicates that for steeper
viscosity and temperature decrease (lower α and a2 in distant
regions) the region of azimuthal velocity drop moves outwards.
From the stationary form of the radial momentum and mass
conservation equations (3) and (1) with the help of Eq. (6), the
sonic point condition (Okazaki 2001; Krticˇka et al. 2011) is full-
filled at the sonic point radius
Rs = GM
[(
5
2
+ p
)
a2 + V2φ
]−1
. (14)
Substituting Vφ(Rs) ≈ 12 VK(Rs), where VK(R) =
√
GM/R is the
Keplerian velocity (Krticˇka et al. 2011, see also Figs. 1 and 2)
we derive an estimate of the sonic point radius
Rs
Req
≈
 310 + 4p
(VK(Req)
a(Req)
)2
1
1−p
. (15)
Radius of the maximum of the disk angular momentum loss
roughly corresponds to the sonic point radius (see Figs. 1-7).
Since ˙Jmax ≈ ˙MRsVφ(Rs), we have
˙Jmax( ˙M) ≈ 12
 310 + 4p
(VK(Req)
a(Req)
)2
1
2−2p
˙MReqVK(Req). (16)
From the above equations we can see, that adding cooling
(higher p) can substantially increase the sonic point distance and
consequently the angular momentum loss of the disk for a fixed
˙M. For example, for p = 0.2 the maximum loss rate of angu-
lar momentum increases roughly 2 times and for p = 0.4 it
increases roughly 5-6 times in comparison with the isothermal
case, according to the type of star.
4. Numerical methods
4.1. Stationary calculation
For the stationary models (Kurfu¨rst & Krticˇka 2012) we solved
the system of Eqs. (1), (3), and (4) omitting the explic-
itly time-dependent terms, using the Newton-Raphson method
(e.g., Krticˇka 2003). For the purpose of this study we se-
lected the star with the following parameters corresponding
to the main-sequence spectral Type B0 (Harmanec 1988):
Teff = 30 000 K, M =14.5 M⊙, R⋆ = 5.8 R⊙. To solve the system
of hydrodynamic equations (supplemented by the sonic point
condition Eq. (14)) numerically we used the so-called shooting
method, based on changing the inner boundary (photospheric)
radial velocity in order to find a proper branch of the solution.
The azimuthal velocity at the inner disk boundary (stellar equa-
torial surface) corresponds to Keplerian velocity. The solution
of the system of hydrodynamic equations is independent of the
scaling of the surface density Σ (cf. Krticˇka et al. 2011) and the
mass loss rate ˙M is treated as a free parameter in our calcula-
tions. In our models the inner boundary radius is the equatorial
radius of the critically rotating star, Req = 3/2 R⋆.
Numerical problems occured when we attempted to involve
the second order viscosity term according to Eq. (9). Despite its
complete analytic linearization in the Jacobi matrix, the solu-
tions suffered from severe vibrations or perturbations mainly in
the proximity of and above the sonic point, and so we used only
the first order viscosity term Eq. (8) in the azimuthal momen-
tum equation (4). For the numerical calculation we selected a
radial grid consisting of 300-1000 grid points according to vari-
ous initial conditions. We used the numerical package LAPACK
(Anderson et al. 1999) to solve the system of linearized equa-
tions.
4.2. Time-dependent calculation
For the time-dependent calculations we write the left-hand sides
of hydrodynamic equations in conservative form (see, e.g.,
Norman & Winkler 1986; Hirsch 1988; Stone & Norman 1992;
Feldmeier 1995; LeVeque et al. 1998)
∂u
∂t
+ ∇ · F(u) = 0, (17)
where the quantities u = Σ, ΣV, R×ΣV and F(u) = ΣV, ΣV⊗V,
R × ΣV ⊗ V for the mass, momentum, and angular momentum
conservation equations, respectively (with × denoting the vec-
tor product and ⊗ denoting the tensor product). Assuming axial
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symmetry of the thin disk, ∂/∂φ = 0, all functions are only radi-
ally and time dependent. The radial component of mass conser-
vation equation is given in Eq. (1) and the radial component of
momentum equation (see Eq. (3)) in its conservative form gives
∂(ΣVR)
∂t
+
1
R
∂
∂R
(RΣV2R) − Σ
V2φ
R
= −∂P
∂R
− ΣGM
R2
+
3
2
a2
R
, (18)
where P is the isothermal gas pressure, P = a2Σ. The explicit
form of the angular momentum equation (see Eq. (10)) in this
case is
∂
∂t
(RΣVφ) + 1R
∂
∂R
(R2ΣVRVφ) = RΣ f (2)visc, (19)
the term f (2)
visc denotes the density of the viscous force in a form
derived in Eq. (9). Because we parameterize the disk temperature
profile via Eq. (6), we do not employ the energy equation for the
calculation in this case.
For the time-dependent calculations we extended the one-
dimensional hydrodynamic code of Feldmeier (1995). Following
Norman & Winkler (1986), the angular momentum advec-
tion flux acts as the azimuthal component of momentum
flow. We nevertheless do not use the consistent advection
schema (Norman et al. 1980) as it is described in detail in
Norman & Winkler (1986), but employ Eq. (10) in its explicit
form. Equations (1), (3), and (10) with use of Eq. (11) are dis-
cretized using time-explicit operator-splitting and finite differ-
ence method on staggered radial grids (see LeVeque et al. 1998).
The advection fluxes are calculated on the boundaries of control
volumes of these grids (see, e.g., Roache 1982; LeVeque et al.
2002) using van Leer’s monotonic interpolation (van Leer 1977,
1982).
In the source steps regarding the right-hand sides of Eqs. (18)
and (19) we accelerate the fluid by the action of external
forces (gravity) and internal pressure forces on the gas mo-
menta (see Norman & Winkler 1986). Involving the radial artifi-
cial viscosity term Q (see Eq. (23)) we solve finite-difference
approximations to the following differential equations (see
Norman & Winkler 1986),
dΣ
dt
∣∣∣∣∣
source
= 0, (20)
dΠ
dt
∣∣∣∣∣
source
= Σ
V2φ
R
− ∂(a
2Σ)
∂R
− ΣGM
R2
+
3
2
a2
R
− ∂Q
∂R
, (21)
dJ
dt
∣∣∣∣∣
source
= RΣ f (2)
visc, (22)
where Π = ΣVR is the radial momentum density, J = ΣRVφ
is the angular momentum density, and f (2)
visc is the second order
viscosity term derived in Eq. (9). We adopt the artificial viscosity
Q in the explicit form (Norman & Winkler 1986, see also, e.g.,
Caramana et al. 1998)
Qi = Σi(VR, i+1 − VR, i)[−C1a + C2min(VR, i+1 − VR, i, 0)], (23)
where VR is the radial velocity component, a is the sound speed,
the lower index i denotes the i-th spatial grid step. The second
term scaled by a constant C2 = 1.0 is the quadratic artificial
viscosity (see Caramana et al. 1998) used in compressive zones.
The linear viscosity term should be sparingly used for damping
oscillations in stagnant regions of the flow (Norman & Winkler
1986). We use this term with C1 = 0.5 rarely when some oscil-
lations may occur near the inner boundary region (near stellar
equatorial surface), either in cases with low α0 viscosity param-
eter (α0 < 0.02) or in cases with steeper temperature decrease
(p > 0.2).
10-5
10-4
10-3
10-2
10-1
1
10
102
1 10 102 103 104 105
R / Req
Vφ / VK
VR / a
J / J (Req)
Vs
. .
α (R)
p = 0
p = 0.2
p = 0.4
α = α(Req) = 0.025
Fig. 1. Dependence of the relative radial and azimuthal veloc-
ities and the relative angular momentum loss rate ˙J/ ˙J(Req) on
radius for various temperature profiles calculated by the method
described in Sect. 4.1. Constant viscosity α = 0.025 is assumed.
Arrows denote the sonic point.
For the time-dependent modelling we employ two types
of stars: main sequence stars of spectral Type B0 (Harmanec
1988) with parameters introduced in Sect. 5.1 and a Pop
III star with the following parameters (Marigo et al. 2001;
Ekstro¨m et al. 2008): Teff = 30 000 K, M = 50M⊙,R⋆ = 30R⊙.
The calculations were extended up to a considerable distance
from the parent star, although this may in most cases be a purely
hypothetical issue due to the low disk density in such regions.
According to the analytical prescriptions introduced in Sects. 2
and 3, we solve the set of Eqs. (1)-(4) with the use of Eq. (9).
The inner boundary (stellar equatorial) values were adopted
on the equatorial radius of the critically rotating star (Req =
3/2 R⋆) in following way. The estimation of inner boundary sur-
face density Σ(Req) is implemented as a fixed boundary value; in
the case of a critically rotating B0-type star the isothermal disk
surface density is Σ(Req) = 1.6 × 102 g cm−2, roughly corre-
sponding to ˙M ≈ 10−9M⊙ yr−1 derived by Granada et al. (2013).
In the case of a critically rotating Pop III type star the isother-
mal disk surface density is Σ(Req) = 1.6 × 105 g cm−2, which
roughly corresponds to ˙M ≈ 10−6M⊙ yr−1 (Ekstro¨m et al. 2008).
Similarly to the stationary calculations described in Sect. 4.1, the
time-dependent models are independent of the scaling of the sur-
face density Σ. The inner boundary condition for VR is free, i. e.
the quantity is extrapolated from mesh interior values as a 0-th
order extrapolation. As the inner boundary condition for Vφ we
assume the Keplerian velocity (critically rotating stellar equato-
rial surface). The outer boundary conditions are considered as
outflowing for all quantities.
We set the initial surface density profile to Σ ∼ R−2 (Okazaki
2001). We start the numerical calculation with zero initial gas
radial velocity and Keplerian rotational velocity throughout the
whole disk. Our numerical test confirmed that the final solution
is independent of the initial conditions and does not depend on
the actual inner boundary condition for VR.
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10-4
10-3
10-2
10-1
1
10
1 10 102 103 104 105
R / Req
Vφ / VK
VR / a
J / J (Req)
Vs
. .
α (R)
p = 0
p = 0.2
α = 0.025(Req/R )0.2
Fig. 2. As in Fig. 1, but with variable α parameter, α ∼ R−0.2.
5. Results of numerical models
5.1. Stationary calculations
In stationary calculations the first order linear viscosity was as-
sumed according to Eq. (8). The model with constant viscosity
profile and p = 0 in Fig. 1 shows a rapid decrease in the ro-
tational velocity and the angular momentum loss at large radii.
These quantities even drop to negative values in the case of the
adopted first order linear viscosity prescription (see Sect. 3). The
velocity drop is caused by the increase of the second term in
Eq. (13) at large radii. We consider the drop to be unphysical.
As a solution to this problem within stationary calculations we
introduce the models with power law viscosity decline. Up to a
certain value of p parameter in temperature power law profile
the models avoid the rapid rotational velocity drop (show con-
stant angular momentum loss rate) in supersonic region (Fig. 2).
5.2. Disk evolution time
In the time-dependent models we recognize the wave that con-
verges the initial state of calculated quantities to their final sta-
tionary state. Because of the initial density distribution we may
regard the wave as physical (not only numerical artefact). We
assume that during the disk developing phase a similar trans-
forming wave occurs and its amplitude and velocity depends on
physical conditions (namely the density distribution) in the stel-
lar surroundings. There might be a possibility to observe some
bow shocks at the boundary between the developing disk and
the interstellar medium (even though the disk radial velocity in
the distant regions is about one order of magnitude lower than
in the case of line-driven stellar winds). The wave may also de-
termine the timescale of the Be star disk growth and dissipa-
tion phases (e.g., Guinan & Hayes 1984; ˇStefl et al. 2003). In the
subsonic region the wave establishes nearly hydrostatic equilib-
rium in the radial direction (Eq. (3)) and the wave speed approx-
imately equals the sound speed. In the supersonic region this
wave propagates as a shock wave. Its propagation speed can be
approximated as D = a
√
Σ1/Σ0 (see Fig. 3), where the subscripts
0 and 1 denote the values in front of and behind the shock front,
respectively (Zel’dovich & Raizer 1967). We regard the shock
propagation time as the dynamical time tdyn ≈ R/D = 0.3R/a.
For example for the distance 104 Req the isothermal constant vis-
cosity B0-type star disk model gives tdyn ≈ 40 yr. The dynamical
time is almost independent of the viscosity while it significantly
increases with decreasing temperature. We associate the disk
10-8
10-6
10-4
10-2
1
102
1 10 102 103 104 105
R /Req
VR /a
DΣ /Σ(Req)
Fig. 3. The snapshot of the radial velocity and the surface den-
sity transforming wave in the case of a B0-type star isothermal
constant viscosity model (see Fig. 5), the time tdyn ≈ 40 yr. The
wave propagation velocity is denoted as D. In the model, the ra-
tio Σ1/Σ0 (surface densities behind and in front of the wavefront)
is about one order of magnitude and slightly increases with the
distance.
10-2
10-1
1
10
102
103
1 10 102 103 104 105
t 
[yr
]
R / Req
tdyntvisc
p = 0.0
p = 0.4
p = 0.0
p = 0.4
Fig. 4. Comparison of the density wave propagation time (lower
two branches denoted as tdyn) with the disk viscous time (up-
per two branches denoted as tvisc), for B0-type star isothermal
(p = 0) constant viscosity model and the model with decreasing
(p = 0.4) temperature profile (see Fig. 6), in dependence on ra-
dius. The disk viscous time is calculated from Eq. (24). Since the
rotational velocity Vφ is adopted from the models, the graph of
tvisc is cut off in the region of the rapid rotational velocity drop.
The plotted values of tdyn are adopted from the models.
evolution time with disk viscous time (Okazaki 2001; Maeder
2009)
tvisc =
∫ R
Req
Vφ dR/(αa2), (24)
i.e., the timescale on which matter diffuses through the disk
under the effect of the viscous torques (Frank et al. 1992). In
the isothermal constant viscosity case the same model gives
tvisc ∼ 102 yr for the sonic point radius. The viscous time signifi-
cantly grows with temperature and viscosity. The comparison of
the two times tdyn and tvisc is in Fig. 4.
We also investigated the case with arbitrarily low nonzero
initial surface density values in the whole computational domain.
We assumed the initial (Keplerian) value of Vφ up to only a few
tens of stellar radii followed by a discontinuous jump down to
zero. Even using these initial conditions the disk evolves to a
large distance and it converges to the proper final state. The den-
sity in the outer disk radius region is lower than the initial den-
sity value, forming a rarefaction wave that really extends radially
with time (but more work on this point is needed).
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Fig. 5. The dependence of scaled vertically integrated density
and radial and azimuthal disk velocities and the scaled angular
momentum loss rate ˙J/ ˙J(Req) on radius in the case of isothermal
disk (p = 0) of selected B0-type star for various radial viscosity
profiles (various n) in a final stationary state of time-dependent
models (the rapid drop of rotational velocity and the angular mo-
mentum loss rate in the outer disk region is a stationary jump, not
a shock wave).
5.3. Stationary state reached by time-dependent models
From the calculations it follows that the profiles of surface den-
sity and radial velocity as well as the sonic point distance (where
VR/a = 1) very weakly depend on the viscosity parameter n. The
outer limit of Keplerian rotation velocity region (Vφ ∼ R−0.5)
is almost independent of the viscosity parameter. The calcula-
tions nevertheless show strong dependence of the outer edge of
the region where the rotational velocity behaves as angular mo-
mentum conserving (Vφ ∼ R−1) (i.e., of the distance where the
rotational velocity begins to rapidly drop) on viscosity param-
eter (for a given temperature profile). For a selected range of
viscosity parameter n the distance of this region differs approxi-
mately by one order of magnitude (see, e.g., Fig. 5). In the mod-
els the location of this rapid rotational velocity drop does not
exceed the radius where the disk equatorial density falls to aver-
aged interstellar medium density (its mean density we assume as
10−23 g cm−3 (e.g., Misiriotis et al. 2006; Maeder 2009)). At this
distance a kinetic plasma modelling would likely be required;
moreover, the interaction of the disk with interstellar medium
has to be taken into account.
Within time-dependent calculations we examined the differ-
ences in the numerical results between the two different prescrip-
tions for viscous torque (Eqs. (8) and (9)). Similarly to the steady
disk calculations (see Sect. 5.1), the first order linear viscosity
calculations (Eq. (8)) exhibit the rapid rotational velocity drop
to negative values and consequently indicate very slow conver-
gence to zero. The rotational velocity profiles calculated involv-
ing the second order linear viscosity term (Eq. (9)) confirm the
analytical result Vφ > 0 throughout the entire disk range (see
Sect. 3).
Figure 5 illustrates the isothermal case (p = 0) of a B0-type
star ( ˙M ≈ 10−9 M⊙ yr−1, see Sect. 4.2) with α(Req) = 0.025
(Penna et al. 2012). The calculated radius of the sonic point
Rs ≈ 550 Req roughly corresponds to the analytical prediction
from Eq. (15) with Rs being approximately 480 Req. The max-
imum angular momentum loss rate ˙Jmax (see Eq. (16)) is inde-
10-12
10-10
10-8
10-6
10-4
10-2
1
102
1 10 102 103 104 105
R /Req
Vφ /VK
VR /a
J /J(Req)
. .
n = 0.0
n = 0.2
n = -0.1
Σ /Σ(Req)
Fig. 6. As in Fig. 5, however for temperature decreasing with
a power law with p = 0.4. Inner boundary viscosity α(Req) =
0.025 is considered. The characteristic radii (sonic point dis-
tance, outer disk radius) are in this case significantly larger.
pendent of viscosity while it strongly depends on the profile of
temperature. Since ˙Jmax roughly equals the angular momentum
loss rate at the sonic point radius, we assume the total angular
momentum contained in the disk to be
Jdisk =
∫ Rs
Req
2πR2ΣVφ dR, (25)
and we therefore regard Rs as the disk outer edge. Analogously
it also determines the mass of the disk
Mdisk =
∫ Rs
Req
2πRΣ dR. (26)
Comparing for example the total disk angular momentum Jdisk
with the total stellar angular momentum J⋆ = ηMR2⋆Ωcrit where
a nondimensional parameter η = 0.05 (Meynet & Maeder 2006),
in this case the ratio Jdisk/J⋆ = 1.2 × 10−6.
Figure 6 shows the case of decreasing temperature profile
(p = 0.4) of the B0-type star with the same viscosity profiles as
in Fig. 5. The sonic point distance is roughly Rs ≈ 31 500 Req
for all the viscosity profiles, which is about two orders of mag-
nitude larger than in the isothermal case. In this model the ratio
Jdisk/J⋆ = 7.9 × 10−5, which is similarly about two orders of
magnitude larger than in the isothermal case.
Figure 7 shows the calculated profiles of the pop III star’s
disk ( ˙M ≈ 10−6 M⊙ yr−1, see Sect. 4.2) with various temperature
parameters for fixed decreasing viscosity (n = 0.2). The graph
clearly shows a strong dependence of radii of the sonic point and
of the rapid rotational velocity drop, as well as of the slopes of
surface density and radial velocity on temperature profile. The
sonic point radius is located at Rs ≈ 360 Req in the isothermal
case and ≈ 16 500 Req in case of radially decreasing temperature
with selected parameter p = 0.4. The use of the same dimen-
sionless parameter η = 0.05 gives the ratio Jdisk/J⋆ = 1.2× 10−3
for the isothermal model and Jdisk/J⋆ = 0.2 for the model with
decreasing temperature. In the latter case the disk carries away
a significant fraction of stellar angular momentum and the star
may not have enough angular momentum to develop the disk
fully. In this case the stellar evolution has to be calculated to-
gether with the disk evolution. The calculations support the con-
clusion that the unphysical drop of the rotational velocity can be
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Fig. 7. Comparison of the radial profiles of relative surface den-
sity and relative velocities and the radial profiles of angular mo-
mentum loss in the case of decreasing viscosity (n = 0.2) for
isothermal disk (p = 0) and for outward decreasing temperature
profile (p = 0.4) in a final stationary state of time-dependent
disk models for Pop III star.
avoided in the models with radially decreasing viscosity param-
eter and temperature.
Within the time-dependent calculations we also examined
subcritically rotating stars modifying the boundary condition
for Vφ. For the inner boundary value of the azimuthal velocity
Vφ(Req) ' 0.97VK(Req) (where VK(Req) denotes the Keplerian
velocity at the stellar equator), the models precisely converge in
the supersonic region. However, in the case when the boundary
rotational velocity is only slightly higher than the above limit
(0.97VK(Req) / Vφ(Req) / 0.98VK(Req)) there occur (more or
less regular) pulsations in the density and radial velocity profiles
in the region close to the star. For Vφ(Req) / 0.97VK(Req) the
density (and consequently the radial velocity) profile is unstable
and gradually declines; for lower Vφ(Req) the decrease in density
is faster.
6. Conclusions
We calculated axisymmetrical, vertically integrated one-
dimensional time-dependent models of decretion disks of crit-
ically rotating stars. For this purpose we developed a nu-
merical code for time-dependent hydrodynamical modelling
that includes full Navier-Stokes viscosity. We extrapolate
the disk temperature profiles obtained by NLTE simulations
(e.g. Carciofi & Bjorkman 2008) by the parameterized profiles.
Various temperature profiles give different slopes of integrated
density decrease throughout most of the disk. The radial depen-
dence of the disk equatorial density may in various regions differ
from the parameterized density profiles generally used in models
dealing with the disk thermal structure (e.g., Sigut et al. 2009;
McGill et al. 2013). Since the radial profile of the α viscosity
parameter is not quite certain, we parameterize it via an inde-
pendent power law radial dependence.
The time-dependent one-dimensional models confirm the
basic results obtained in the stationary models in respect of the
sonic point distance and of the distance of the disk outer edge
(i.e., the radius where the rotational velocity begins to rapidly de-
crease) on parameterized temperature and viscosity profiles. The
sonic point is located at larger radii in the models with steeper
temperature decrease while its radius very weakly depends on
the viscosity profile. The sonic radius strongly depends on both
temperature and viscosity profiles and does not exceed the dis-
tance where we expect the disk equatorial density may drop to
the average density of the interstellar medium. Consequently, the
total angular momentum contained in the disk and the mass of
the disk increase with the decreasing temperature and viscosity
profiles. The analytical relations provided in Sect. 3 give ade-
quate approximations of the numerical models. The unphysical
drop of the rotational velocity and angular momentum loss at
large radii, which is present in the isothermal models with con-
stant viscosity parameters, can be avoided in the models with
decreasing temperature and viscosity parameters.
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